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PREFACE 



In this book we define the new notion of neutrosophic rings. 
The motivation for this study is two-fold. Firstly, the classes of 
neutrosophic rings defined in this book are generalization of the 
two well-known classes of rings: group rings and semigroup 
rings. The study of these generalized neutrosophic rings will 
give more results for researchers interested in group rings and 
semigroup rings. Secondly, the notion of neutrosophic 
polynomial rings will cause a paradigm shift in the general 
polynomial rings. This study has to make several changes in 
case of neutrosophic polynomial rings. This would give 
solutions to polynomial equations for which the roots can be 
indeterminates. Further, the notion of neutrosophic matrix rings 
is defined in this book. Already these neutrosophic matrixes 
have been applied and used in the neutrosophic models like 
neutrosophic cognitive maps (NCMs), neutrosophic relational 
maps (NRMs) and so on. 

This book has four chapters. Chapter one is introductory in 
nature, for it recalls some basic definitions essential to make the 
book a self-contained one. Chapter two, introduces for the first 
time the new notion of neutrosophic rings and some special 
neutrosophic rings like neutrosophic ring of matrix and 
neutrosophic polynomial rings. Chapter three gives some new 
classes of neutrosophic rings like group neutrosophic rings, 
neutrosophic group neutrosophic rings, semigroup neutrosophic 
rings, S-semigroup neutrosophic rings which can be realized as 
a type of extension of group rings or generalization of group 
rings. Study of these structures will throw light on the research 
on the algebraic structure of group rings. Chapter four is entirely 
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devoted to the problems on this new topic, which is an added 
attraction to researchers. 

A salient feature of this book is that it gives 246 problems in 
Chapter four. Some of the problems are direct and simple, some 
little difficult and some can be taken up as a research problem. 

We express our sincere thanks to Kama for her help in the 
layout and Meena for cover-design of the book. The authors 
express their whole-hearted gratefulness to Dr.K.Kandasamy 
whose invaluable support and help, and patient proofreading 
contributed to a great extent to the making of this book. 

W.B.VAS/WTHA KANDASAMY 
FLOREINTTIN SMARANDACHE 
1 August 2006 
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Chapter One 



Introduction 



In this book we assume all fields to be real fields of 
characteristic 0, all vector spaces are taken as real spaces over 
reals and we denote the indeterminacy by ‘I’ as i will make a 
confusion, as it denotes the imaginary value, viz. i 2 = -1 that is 
V-I = i. The indeterminacy I is such that I . I = I 2 = I. In this 
book the authors mainly use the notion of neutrosophic 
semigroup to construct special type of neutrosophic rings viz. 
neutrosophic semigroup ring and neutrosophic semigroup 
neutrosophic ring. 

In this chapter we just recall some of the basic neutrosophic 
structures in this book. This chapter has three sections. In 
section one, we just recall the notion of neutrosophic groups and 
their properties, section two recalls the basic concept of 
neutrosophic semigroups and section three gives the definition 
of neutrosophic field. 



1 . 1 Neutrosophic Groups and their Properties 

In this section we recall the notion of neutrosophic groups 
introduced in [142-3]; neutrosophic groups in general do not 
have group structure. We also define yet another notion called 
pseudo neutrosophic groups which have group structure. As 
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neutrosophic groups do not have group structure the classical 
theorems viz. Sylow, Lagrange or Cauchy are not true in 
general which forces us to define notions like Lagrange 
neutrosophic groups, Sylow neutrosophic groups and Cauchy 
elements. Examples are given for the understanding of these 
new concepts. 

We just give the basic definition alone as we use it only in 
the construction of neutrosophic group rings and neutrosophic 
group neutrosophic rings which are analogous structure of 
group rings. In fact neutrosophic group neutrosophic rings 
forms the most generalized neutrosophic rings. 

DEFINITION 1 . 1 . 1 : Let (G, *) be any group, the neutrosophic 
group is generated by I and G under * denoted by N(G) = {{G 
ul), *}. 

Example 1.1.1: Let Z 7 = {0, 1, 2, ..., 6} be a group under 
addition modulo 7. N(G) = {(Z 7 u I), *+’ modulo 7} is a 
neutrosophic group which is in fact a group. For N(G) = {a + bl 
/ a, b e Z 7 } is a group under *+’ modulo 7. Thus this 
neutrosophic group is also a group. 

Example 1.1.2: Consider the set G = Z 5 \ {0}, G is a group 
under multiplication modulo 5. N(G) = {(G u I), under the 
binary operation, multiplication modulo 5}. N(G) is called the 
neutrosophic group generated by G u I. Clearly N(G) is not a 
group, for I 2 = I and I is not the identity but only an 
indeterminate, butN(G) is defined as the neutrosophic group. 

Thus based on this we have the following theorem: 

THEOREM 1 . 1 . 1 : Let (G, *) be a group, N(G) = {(G ul), *} be 
the neutrosophic group. 

1. N(G) in general is not a group. 

2. N(G) always contains a group. 

Proof: To prove N(G) in general is not a group it is sufficient 
we give an example; consider (Z 5 \ {0} ui) = G= {1,2, 4, 3, 1, 




2 I, 4 I, 3 I}; G is not a group under multiplication modulo 5. In 
fact {1, 2, 3, 4} is a group under multiplication modulo 5. 

N(G) the neutrosophic group will always contain a group 
because we generate the neutrosophic group N(G) using the 

group G and I. So G c N(G); hence N(G) will always contain a 

* 

group. 

Now we proceed onto define the notion of neutrosophic 
subgroup of a neutrosophic group. 

DEFINITION 1.1.2: Let N(G) = (G ul) be a neutrosophic group 
generated by G and I. A proper subset P(G ) is said to be a 
neutrosophic subgroup ifP(G) is a neutrosophic group i.e. P(G) 
must contain a (sub) group. 

Example 1.1.3 : Let N(Z 2 ) = (Z 2 u 1) be a neutrosophic group 
under addition. N(Z 2 ) = {0, 1, 1, 1 + I}. Now we see {0, 1} is a 
group under + in fact a neutrosophic group {0, 1 + 1} is a group 
under *+’ but we call {0, 1} or {0, 1 + 1} only as pseudo 
neutrosophic groups for they do not have a proper subset which 
is a group. So {0, 1} and {0, 1 + 1} will be only called as pseudo 
neutrosophic groups (subgroups). 

We can thus define a pseudo neutrosophic group as a 
neutrosophic group, which does not contain a proper subset 
which is a group. Pseudo neutrosophic subgroups can be found 
as a substructure of neutrosophic groups. Thus a pseudo 
neutrosophic group though has a group structure is not a 
neutrosophic group and a neutrosophic group cannot be a 
pseudo neutrosophic group. Both the concepts are different. 

Now we see a neutrosophic group can have substructures which 
are pseudo neutrosophic groups which is evident from the 
following example. 

Example 1.1.4: Let N(Z 4 ) = (Z 4 u I) be a neutrosophic group 
under addition modulo 4. (Z 4 u I) = {0, 1, 2, 3, 1, 1 + I, 21, 31, 1 
+ 21, 1 + 31, 2 + I, 2 + 21, 2 + 31, 3 + I, 3 + 21, 3 + 31}. o«Z 4 u 
I» = 4 2 . 
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Thus neutrosophic group has both neutrosophic subgroups and 
pseudo neutrosophic subgroups. For T = {0, 2, 2 + 21, 21} is a 
neutrosophic subgroup as {0 2} is a subgroup of Z 4 under 
addition modulo 4. P = {0, 21} is a pseudo neutrosophic group 
under *+’ modulo 4. 

Now we are not sure that general properties, which are true 
of groups, are true in case of neutrosophic groups for 
neutrosophic groups are not in general groups. We see that in 
case of finite neutrosophic groups the order of both 
neutrosophic subgroups and pseudo neutrosophic subgroups do 
not divide the order of the neutrosophic group. Thus we give 
some problems in the chapter 4. 

THEOREM 1.1.2: Neutrosophic groups can have non-trivial 
idempotents. 

Proof: For I e N(G) we have 1 2 = I . 

Note: We cannot claim from this that N(G) can have zero 
divisors because of the idempotent as our neutrosophic groups 
are algebraic structures with only one binary operation 
multiplication in this case 1 2 = I . 

We illustrate this by the following examples: 

Example 1.1.5: Let N(G) = {1, 2, I, 21} a neutrosophic group 
under multiplication modulo three. We see (2I) 2 = I (mod 3), l 2 
= I. (21) I = 21. 2 2 = 1 (mod 3). So P = {1,1, 21} is a pseudo 
neutrosophic subgroup. Also o(P) X o(N (G)). 

Thus we see order of a pseudo neutrosophic subgroup need 
not in general divide the order of the neutrosophic group. 

We give yet another example, which will help us to see that 
Lagrange's theorem for finite groups in case of finite 
neutrosophic groups, is not true. 

Example 1.1.6: Let N(G) = {1, 2, 3, 4, I, 21, 31, 41} be a 
neutrosophic group under multiplication modulo 5. Now 
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consider P = {1, 4, I, 21, 31, 41} c: N(G). P is a neutrosophic 
subgroup. o(N(G)) = 8 but o(P) = 6, 6 X 8. So clearly 
neutrosophic groups in general do not satisfy the Lagrange 
theorem for finite groups. 

So we define or characterize those neutrosophic groups, 
which satisfy Lagrange theorem as follows: 

DEFINITION 1.1.3: Let N(G) be a neutrosophic group. The 
number of distinct elements in N(G) is called the order of N(G). 
If the number of elements in N(G) is finite we call N(G) a finite 
neutrosophic group; otherwise we call N(G) an infinite 
neutrosophic group, we denote the order ofN(G) by o(N(G)) or 
\N(G) |. 

DEFINITION 1.1.4: Let N(G) be a finite neutrosophic group. Let 
P be a proper subset of N(G), which under the operations of 
N(G) is a neutrosophic group. If o(P) / o(N(G)) then we call P 
to be a Lagrange neutrosophic subgroup. If in a finite 
neutrosophic group all its neutrosophic subgroups are 
Lagrange then we call N(G) to be a Lagrange neutrosophic 
group. 

If N(G) has atleast one Lagrange neutrosophic subgroup 
then we call N(G) to be a weakly Lagrange neutrosophic group. 
If N(G) has no Lagrange neutrosophic subgroup then we call 
N(G) to be a Lagrange free neutrosophic group. 

We have already given examples of these. Now we proceed on 
to recall the notion called pseudo Lagrange neutrosophic group. 

DEFINITION 1.1.5: Let N(G) be a finite neutrosophic group. 
Suppose L is a pseudo neutrosophic subgroup of N(G) and if 
o(L) / o(N(G)) then we call L to be a pseudo Lagrange 
neutrosophic subgroup. If all pseudo neutrosophic subgroups of 
N(G) are pseudo Lagrange neutrosophic subgroups then we call 
N(G) to be a pseudo Lagrange neutrosophic group. 

If N(G) has atleast one pseudo Lagrange neutrosophic 
subgroup then we call N(G) to be a weakly pseudo Lagrange 
neutrosophic group. If N(G) has no pseudo Lagrange 
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neutrosophic subgroup then we call N(G) to be pseudo 
Lagrange free neutrosophic group. 

Now we illustrate by some example some more properties of 
neutrosophic groups, which paves way for more definitions. We 
have heard about torsion elements and torsion free elements of a 
group. 

We in this book recall the definition of neutrosophic 
element and neutrosophic free element of a neutrosophic group, 
which will be used in characterizing zero divisors in case of 
neutrosophic group rings, and neutrosophic group neutrosophic 
rings. 

DEFINITION 1.1.6: Let N(G) be a neutrosophic group. An 
element x £ N(G) is said to be a neutrosophic element if there 
exists a positive integer n such that x = I, if far any y a 
neutrosophic element no such n exists then we call y to be a 
neutrosophic free element. 

We illustrate these by the following examples: 

Example 1.1.7: Let N(G) = {1, 2, 3, 4, 5, 6, I, 21, 31, 41, 51, 61} 
be a neutrosophic group under multiplication modulo 7. We 
have (3I) 6 = I, (4I) 3 = I (6I) 2 = I, I 2 = I, (2I) 6 = I, (5I) 6 = I. In this 
neutrosophic group all elements are either torsion elements or 
neutrosophic elements. 

Example 1.1.8: Let us now consider the set {1, 2, 3, 4, 1, 21, 31, 
41, 1 + I, 2 + I, 3 + I, 4 + I, 1 + 21, 1 + 31, 1 + 41, 2 + 21, 2 + 31, 
2 + 41, 3 + 21, 3 + 31, 3 + 41, 4 + 21, 4 + 31, 4 + 41}. This is a 
neutrosophic group under addition modulo 5. For {1, 2, 3, 4} = 
Z 5 \ {0} is group under addition modulo 5. 

DEFINITION 1.1.7: Let N(G) be a neutrosophic group under 
multiplication. Let x £ N(G) be a neutrosophic element such 
that x m = 1 then x is called the pseudo neutrosophic torsion 
element of N(G). 
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In the above example we have given several pseudo 
neutrosophic torsion elements of N(G). 

Now we proceed on to define Cauchy neutrosophic elements of 
a neutrosophic group N(G). 

DEFINITION 1.1.8: Let N(G) be a finite neutrosophic group. Let 
x £ N(G), if x is a torsion element say x" = 1 and if m/o N(G)) 
we call x a Cauchy element of N(G); if x is a neutrosophic 
element and x = I with t / o(N(G)), we call x a Cauchy 
neutrosophic element ofN(G). If all torsion elements of N(G) 
are Cauchy we call N(G) as a Cauchy neutrosophic group. If 
ever y neutrosophic element is a neutrosophic Cauchy element 
then we call the neutrosophic group to be a Cauchy 
neutrosophic, neutrosophic group. 

We now illustrate these concepts by the following examples: 

Example 1.1.9: Let N(G) = {0, 1, 2, 3, 4, I, 21, 31, 41} be a 
neutrosophic group under multiplication modulo 5. {1, 2, 3, 4} 
is a group under multiplication modulo 5. Now we see o (N (G)) 
= 9, 4 2 = 1 (mod 5) 2 X 9 similarly (3I) 4 = I but 4X9. Thus 
none of these elements are Cauchy elements or Cauchy 
neutrosophic Cauchy elements of N(G). 

Now we give yet another example. 

Example 1.1.10: Let N(G) be a neutrosophic group of finite 
order 4 where N(G) = {1, 2, I, 21} group under multiplication 
modulo 3. Clearly every element in N(G) is either a Cauchy 
neutrosophic element or a Cauchy element. 

Thus we give yet another definition. 

DEFINITION 1.1.9: Let N(G) be a neutrosophic group. If even’ 
element in N(G) is either a Cauchy neutrosophic element of 
N(G) or a Cauchy element ofN(G) then we call N(G) a strong 
Cauchy neutrosophic group. 
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The above example is an instance of a strong Cauchy 
neutrosophic group. Now we proceed on to define the notion of 
p-Sylow neutrosophic subgroup, Sylow neutrosophic group, 
weak Sylow neutrosophic group and Sylow free neutrosophic 
group. 

DEFINITION 1.1.10: Let N(G) be a finite neutrosophic group. If 
for a prime p, p a / o(N(G)) and p a+I X o(N(G)), N(G) has a 
neutrosophic subgroup P of order p" then we call P a p-Sylow 
neutrosophic subgroup ofN(G). 

Now if for ever y prime p such that p a / o(N(G)) and p a+l X 
o(N(G)) we have an associated p-Sylow neutrosophic subgroup 
then we call N(G) a Sylow neutrosophic group. 

IfN(G) has atleast one p-Sylow neutrosophic subgroup then 
we call N(G) a weakly Sylow neutrosophic group. If N(G) has 
no p-Sylow neutrosophic subgroup then we call N(G) a Sylow 
free neutrosophic group. 

Now unlike in groups we have to speak about Sylow notion 
associated with pseudo neutrosophic groups. 

DEFINITION 1.1.11: Let N(G) be a finite neutrosophic group. 
Let P be a pseudo neutrosophic subgroup of N (G) such that 
o(P) = p a where p a / o (N(G)) and p a+1 X o(N(G)), p a prime, 
then we call P to be a p-Svlow pseudo neutrosophic subgroup of 
N(G). 

If for a prime p we have a pseudo neutrosophic subgroup P 
such that o(P) = p a where p a / o(N(G)) and p a+I X o(N(G)), 
then we call P to be p-Sylow pseudo neutrosophic subgroup of 
N(G). If for even > prime p such that p a / o(N(G)) and p a+1 X 
o(N(G)), we have a p-Sylow pseudo neutrosophic subgroup then 
we call N(G) a Sylow pseudo neutrosophic group. 

If on the other hand N(G) has atleast one p-Sylow pseudo 
neutrosophic subgroup then we call N(G) a weak Sylow pseudo 
neutrosophic group. If N(G) has no p-Sylow pseudo 
neutrosophic subgroup then we call N(G) a free Sylow pseudo 
neutrosophic group. 

Now we proceed on to define neutrosophic normal subgroup. 
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DEFINITION 1.1.12: Let N(G) be a neutrosophic group. Let P 
and K be any two neutrosophic subgroups of N(G). We say P 
and K are neutrosophic conjugate if we can find x, y £ N(G) 
with x P = Ky. 

We illustrate this by the following example: 

Example 1.1.11: Let N(G) = {0, 1, 2, 3, 4, 5, 1, 21, 31, 41, 51, 1 + 
I, 2 + I, 3 + I, 5 + 51} be a neutrosophic group under 
addition modulo 6. P = {0, 3, 31, 3+31} is a neutrosophic 
subgroup of N(G). K = {0, 2, 4, 2 + 21, 4 + 41, 21, 41} is a 
neutrosophic subgroup of N(G). For 2, 3 in N(G) we have 2P = 
3K = {0}. So P and K are neutrosophic conjugate. 

Thus in case of neutrosophic conjugate subgroups K and P 
we do not demand o(K) = o(P). 

Now we proceed on to define neutrosophic normal 
subgroups. 

DEFINITION 1.1.13: Let N(G) be a neutrosophic group. We say 
a neutrosophic subgroup H of N(G) is normal if we can find x 
and y in N(G) such that H = xHy for all x, y £ N(G) (Note x = y 
or y = x 1 can also occur). 

Example 1.1.12: Let N(G) be a neutrosophic group given by 
N(G) = {0, 1, 2, 3, 4, 5, 6, 7, I, 21, 31, 41, 51, 61, 71} be a 
neutrosophic group under multiplication modulo 8. 

H = {1, 7, 1, 71} is a neutrosophic subgroup of N(G). For no 
x, y e N(G), xFly = FI so FI is not normal in N(G). 

DEFINITION 1.1.14: A neutrosophic group N(G) which has no 
nontrivial neutrosophic normal subgroups is called a simple 
neutrosophic group. 

Now we define pseudo simple neutrosophic groups. 

DEFINITION 1.1.15: Let N(G) be a neutrosophic group. A 
proper pseudo neutrosophic subgroup P ofN(G) is said to be 
normal if we have P = xPy for all x, y £ N( G). A neutrosophic 
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group is said to be pseudo simple neutrosophic group ifN(G) 
has no nontrivial pseudo normal subgroups. 



We do not know whether there exists any relation between 
pseudo simple neutrosophic groups and simple neutrosophic 
groups. 

Now we proceed on to define the notion of right (left) coset 
for both the types of subgroups. 

DEFINITION 1.1.16: Let N(G) be a neutrosophic group. H be a 
neutrosophic subgroup ofN(G) for n e N(G), then H n = {hn / h 
£ H} is called a right coset of H in G. 

Similarly we can define left coset of the neutrosophic subgroup 
H in G. 

It is important to note that as in case of groups we cannot 
speak of the properties of neutrosophic groups as we cannot find 
inverse for every xeN (G). 

So we make some modification before which we illustrate 
these concepts by the following examples: 

Example 1.1.13: Let N(G) = {1, 2, 3, 4, I, 21, 31, 41} be a 
neutrosophic group under multiplication modulo 5. Let H = {1, 
4, I, 4 1} be a neutrosophic subgroup of N(G). The right cosets 
of H are as follows: 



H.2 


{2,3,21, 31}, 




H.3 


{3,2, 31, 21}, 




H.l 


H4 


{1,4, 1, 41}, 


H. I 


{I 41} 


H. 41, 


H.2 1 = 


{21, 31} 


H 31 = {31, 21} 


Therefore the classes are 




[2] 


[3] 


{2, 3, 21, 31} 


[1] 


[4] 


H = {1,4,141} 


[I] 


[41] 


R {1, 41} 


[21] = 


[31] 


{31, 21}. 
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Now we are yet to know whether they will partition N(G) for 
we see here the cosets do not partition the neutrosophic group. 

That is why we had problems with Lagrange theorem so 
only we defined the notion of Lagrange neutrosophic group. 

We give yet another example before which we define the 
concept of commutative neutrosophic group. 

DEFINITION 1.1.17: Let N(G) be a neutrosophic group. We say 
N(G) is a commutative neutrosophic group if for every > pair a , b 
£ N(G), a b = b a. 



We have seen several examples of commutative neutrosophic 
groups. So now we give an example of a non-commutative 
neutrosophic group. 

Example 1.1.14: Let 



N(G) = 



a b 
c d 






a, b, c, d e{0, 1, 2, 1, 21} 






N(G) under matrix multiplication modulo 3 is a neutrosophic 
group which is non commutative. 

We now give yet another example of cosets in neutrosophic 
groups. 

Example 1.1.15: Let N(G) = {0, 1, 2, 1, 21, 1 + I, 1 + 21, 2 + 1, 2 
+ 21} be a neutrosophic group under multiplication modulo 3. 

Consider P = {1, 2, I, 21}. cz N(G); P is a neutrosophic 
subgroup. 



P. 0 


= {0} 


p. 1 


= {1,2,1,21} 




= P2 


p. 1 


- {121} 




= P. 21 


P(l + I) 


= {1+1,2 + 21,21,1} 


P (2 + 1) 


= {2 + I, 1 + 21, 0} 
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P (1 +21) = {1+21,2 + 1,0} 

= P (2 + I) 

P (2 + 21) = {2 + 21, 1 + I, I, 21} 

- P (1 + 1). 

We see the coset does not partition the neutrosophic group. 

Now using the concept of pseudo neutrosophic subgroup we 
define pseudo coset. 

DEFINITION 1.1.18: Let N(G) be a neutrosophic group. K be a 
pseudo neutrosophic subgroup ofN(G). Then for a g N(G), Ka 
= {ka k € Kf is called the pseudo right coset ofK in N(G). 

On similar lines we define the notion of pseudo left coset of a 
pseudo neutrosophic subgroup K of N (G). We illustrate this by 
the following example: 

Example 1.1.16: Let N (G) = {0, 1, 1, 2, 21, 1 + I, 1 + 21, 2 + 1, 2 
+ 21} be a neutrosophic group under multiplication modulo 3. 
Take K= {1, 1 + I}, a pseudo neutrosophic group. 

Now we will study the cosets of K . K . 0 = {0}. 



K 1 

K (1 + 1) 
K 2 
K. I 
K 21 



K (1 +21) 
K (2 + 1) 
K (2 + 21) 



{ 1 , 1 + 1 } 

{1+1} 

{ 2 , 2 + 21 } 
{1, 21} 

{2L 1} 

K. I. 

{1+21} 

{2 + 1 } 

{2 + 21 , 2 } 

K.2. 



We see even the pseudo neutrosophic subgroups do not in 
general partition the neutrosophic group which is evident from 
the example. 
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Now we proceed on to define the concept of center of a 
neutrosophic group. 

DEFINITION 1.1.19: Let N(G) be a neutrosophic group, the 
center ofN(G) denoted by C(N(G)) = {x g N(G) \ ax = xa for 
all a g N(G)}. 

Note: Clearly C(N(G)) ^ (j) for the identity of the neutrosophic 
group belongs to C(N(G)). Also if N(G) is a commutative 
neutrosophic group then C(N(G)) = N(G). As in case of groups 
we can define in case of neutrosophic groups also direct product 
of neutrosophic groups N(G). 

Definition 1.1.20: Let N(G,), N(G 2 ), ..., N(G„) be n 
neutrosophic groups the direct product of the n-neutrosophic 
groups is denoted by N(G) = N(Gi) x ... xN(G„) = {(gi, g 2 , ..., 
gn) | gi cN(Gi); i = 1, 2,..., n}. 

N(G) is a neutrosophic group for the binary operation defined is 
component wise; for if * ls * 2 , * n are the binary operations on 
N(Gi), N(G n ) respectively then for X = (xi, x n ) and Y = 
(yi, yi, y n ) in N(G), X * Y = (x h x n ) * (y h y n ) = 
(xi*yi, x n *y n ) = (ti, t n ) g N(G) thus closure axiom is 
satisfied. We see if e = (ei, ..., e n ) is the identity element where 
each e; is the identity element of N(Gj); 1 < i < n then X * e = 
e * X = X. 

It is left as a matter of routine for the reader to check N(G) 
is a neutrosophic group. Thus we see that the concept of direct 
product of neutrosophic group helps us in obtaining more and 
more neutrosophic groups. 

Note : It is important and interesting to note that if we take in 
N(Gi), 1 < i < n. some N(G0 to be just groups still we continue 
to obtain neutrosophic groups. 

We now give some examples as illustrations. 

Example 1.1.17: Let N(Gi) = {0, 1, I, 1 + 1} and G 2 = {g | g 3 = 
1}. N(G) = N(Gj) x G 2 = {(0, g) (0, 1) (0, g 2 ) (1, g) (1, 1) (1, g 2 ) 
(I, g) (1 g 2 ) (I, 1) (1 + I, 1) (1 + I, g) ( 1 + I, g 2 )} is a 
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neutrosophic group of order 12. Clearly {(1, 1), (1, g), (1, g 2 )} is 
the group in N(G). 

Now several other properties, which we have left out, can 
be defined appropriately. 

Note: We can also define independently the notion of pseudo 
neutrosophic group as a neutrosophic group, which has no 
proper subset, which is a group, but the pseudo neutrosophic 
group itself is a group. We can give examples of them, the main 
difference between a pseudo neutrosophic group and a 
neutrosophic group is that a pseudo neutrosophic group is a 
group but a neutrosophic group is not a group in general but 
only contains a proper subset, which is a group. 

Now we give an example of a pseudo neutrosophic group. 

Example 1.1.18: Consider the set N(G) = {1, 1 +1} under the 
operation multiplication modulo 3. {1, 1 + 1} is a group called 
the pseudo neutrosophic group for this is evident from the table. 



* 


1 


1+1 


1 


1 


1+1 


1 +1 


1 + 1 


1 



Clearly {1, 1 +1} is group but has no proper subset which is a 
group. Also this pseudo neutrosophic group can be realized as a 
cyclic group of order 2. 

For more about these concepts please refer [142-3]. 



1.2 Neutrosophic Semigroups 

In this section we recall the notion of neutrosophic semigroups. 
The notion of neutrosophic subsemigroups, neutrosophic ideals, 
neutrosophic Lagrange semigroups etc. are introduced just for 
the sake of completeness. We illustrate them with examples and 
give some of its properties. 
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DEFINITION 1.2.1: Let S be a semigroup, the semigroup 
generated by S and I i.e. S u I denoted by (Sul) is defined to 
be a neutrosophic semigroup. 

It is interesting to note that all neutrosophic semigroups contain 
a proper subset, which is a semigroup. 

Example 1.2.1: Let Z i2 = {0, 1, 2, ..., 11} be a semigroup under 
multiplication modulo 12. Let N(S) = (Zi 2 u I) be the 
neutrosophic semigroup. Clearly Z 12 cz (Z 12 u I) and Z 12 is a 
semigroup under multiplication modulo 12. 

Example 1.2.2: Let Z = {the set of positive and negative 
integers with zero}, Z is only a semigroup under multiplication. 
Let N(S) = {(Z u I}} be the neutrosophic semigroup under 
multiplication. Clearly Z cz N(S) is a semigroup. 

Now we proceed on to define the notion of the order of a 
neutrosophic semigroup. 

DEFINITION 1.2.2: Let N(S) be a neutrosophic semigroup. The 
number of distinct elements in N(S) is called the order of N(S), 
denoted by o(N(S)). 

If the number of elements in the neutrosophic semigroup N(S) is 
finite we call the neutrosophic semigroup to be finite otherwise 
infinite. The neutrosophic semigroup given in example 1.2.1 is 
finite where as the neutrosophic semigroup given in example 
1.2.2 is of infinite order. 

Now we proceed on to define the notion of neutrosophic 
subsemigroup of a neutrosophic semigroup N(S). 

DEFINITION 1.2.3: Let N(S) be a neutrosophic semigroup. A 
proper subset P of N(S) is said to be a neutrosophic 
subsemigroup, if P is a neutrosophic semigroup under the 
operations of N (S). A neutrosophic semigroup N(S) is said to 
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have a subsemigroup if N(S) has a proper subset, which is a 
semigroup under the operations ofN(S). 

It is interesting to note a neutrosophic semigroup may or may 
not have a neutrosophic subsemigroup but it will always have a 
subsemigroup. 

Now we proceed on to illustrate these by the following 
examples: 

Example 1.2.3: Let Z + u {0} denote the set of positive integers 
together with zero. {Z + u {0}, +} is a semigroup under the 
binary operation *+’. Now let N(S) = (Z + u {0} + u {I}). N(S) is 
a neutrosophic semigroup under Consider (2Z ' u I) = P, P 
is a neutrosophic subsemigroup of N(S). Take R = (3Z + u I); R 
is also a neutrosophic subsemigroup of N(S). 

Now we have the following interesting theorem: 

THEOREM 1.2.1: Let N(S) be a neutrosophic semigroup. 
Suppose Pj and P 2 be any two neutrosophic subsemigroups of 
N(S) then P t uP 2 (i.e. the union) the union of two neutrosophic 
subsemigroups in general need not be a neutrosophic 
subsemigroup. 

Proof: We prove this by using the following example. Let Z + be 
the set of positive integers; Z + under *+’ is a semigroup. 

Let N(S) = (Z u I) be the neutrosophic semigroup under 
*+’. Take Pi = {(2Z u I)} and P 2 = {(5Z u I )} to be any two 
neutrosophic subsemigroups of N(S). Consider P! u P 2 we see 
Pi u P 2 is only a subset of N (S) for Pi u P 2 is not closed under 
the binary operation *+’. For take 2 + 41 e Pi and 5 + 51 e P 2 . 
Clearly (2 + 5) + (41 + 51) = 7 + 91 g Pi u P 2 . Hence the claim. 

We proved the theorem 1.2.1 mainly to show that we can 
give a nice algebraic structure to Pi u P 2 viz. neutrosophic 
bisemigroup. 
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Now we proceed on to define the notion of neutrosophic 
monoid. 

DEFINITION 1.2.4: A neutrosophic semigroup N(S) which has 
an element e in N(S) such that e*s=s*e = s for all s € N(S), 
is called as a neutrosophic monoid. 

It is interesting to note that in general all neutrosophic 
semigroups need not be neutrosophic monoids. 

We illustrate this by an example. 

Example 1.2.4: Let N(S) = (Z u I) be the neutrosophic 
semigroup under *+’. Clearly N(S) contains no e such that s + e 
= e + s = s for all s e N(S). So N(S) is just a neutrosophic 
semigroup and not a neutrosophic monoid. 

Now we give an example of a neutrosophic monoid. 

Example 1.2.5: Let N(S) = (Z + u I) be a neutrosophic 
semigroup generated under ‘x’. Clearly 1 in N(S) is such that 1 
x s = s for all s e N(S). So N(S) is a neutrosophic monoid. 

It is still interesting to note the following: 

1. From the examples 1.2.4 and 1.2.5 we have taken the 
same set (Z u I) with respect the binary operation *+’, 
(Z + u I) is only a neutrosophic semigroup but ( Z + u I) 
under the binary operation x is a neutrosophic monoid. 

2. In general all neutrosophic monoids need not have its 
neutrosophic subsemigroups to be neutrosophic 
submonoids. 

First to this end we define the notion of neutrosophic 
submonoid. 

DEFINITION 1.2.5: Let N(S) be a neutrosophic monoid under 
the binary > operation *. Suppose e is the identity in N(S), that is 
s*e = e*s=s for all s € N(S). We call a proper subset P of 
N(S) to be a neutrosophic submonoid if 
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1. P is a neutrosophic semigroup under 

2. e £ P, i.e., P is a monoid under '*’. 

Example 1.2.6: Let N(S) = (Z u I) be a neutrosophic semigroup 
under *+’. N(S) is a monoid. P = (2Z + u I) is just a neutrosophic 
subsemigroup whereas T = (2Z u I) is a neutrosophic 
submonoid. Thus a neutrosophic monoid can have both 
neutrosophic subsemigroups, which are different from the 
neutrosophic submonoids. 

Now we proceed on to define the notion of neutrosophic ideals 
of a neutrosophic semigroup. 

DEFINITION 1.2.6: Let N(S) be a neutrosophic semigroup under 
a binary operation *. P be a proper subset of N(S). P is said to 
be a neutrosophic ideal of N(S) if the following conditions are 
satisfied. 

1. P is a neutrosophic semigroup. 

2. for all p £ P and for all s £ N(S) we have p * s and s * 
p are in P. 

Note: One can as in case of semigroups define the notion of 
neutrosophic right ideal and neutrosophic left ideal. A 
neutrosophic ideal is one, which is both a neutrosophic right 
ideal, and a neutrosophic left ideal. In general a neutrosophic 
right ideal need not be a neutrosophic left ideal. 

Now we proceed on to give example to illustrate these notions. 

Example 1.2.7: Let N(S) = (Z u I) be the neutrosophic 
semigroup under multiplication. 

Take P to be a proper subset of N(S) where P = (2Z u I). 
Clearly P is a neutrosophic ideal of N(S). Since N(S) is a 
commutative neutrosophic semigroup we have P to be a 
neutrosophic ideal. 
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Note: A neutrosophic semigroup N(S) under the binary 
operation * is said to be a neutrosophic commutative semigroup 
if a * b = b * a for all a, b e N(S). 



Example 1.2.8: Let N(S) = 



a b 
c d 



/ a, b, c, d,e(Zu 1)} be a 



neutrosophic semigroup under matrix multiplication. Take 
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v c d. 



* p ; 



e P. 



Thus P is only a neutrosophic right ideal and not a neutrosophic 
left ideal of N(S). 

Now we proceed on to define the notion of neutrosophic 
maximal ideal and neutrosophic minimal ideal of a neutrosophic 
semigroup N(S). 

DEFINITION 1.2.7: Let N(S) be a neutrosophic semigroup. A 
neutrosophic ideal P ofN(S) is said to be maximal if P crJcr 
N(S), J a neutrosophic ideal then either J = P or J = N(S). A 
neutrosophic ideal M of N(S) is said to be minimal if (j> qM 
ct N(S) then T = M or T = (j). 

We cannot always define the notion of neutrosophic cyclic 
semigroup but we can always define the notion of neutrosophic 
cyclic ideal of a neutrosophic semigroup N(S). 

DEFINITION 1.2.8: Let N(S) be a neutrosophic semigroup. P be 
a neutrosophic ideal of N (S), P is said to be a neutrosophic 
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cyclic ideal or neutrosophic principal ideal if P can be 
generated by a single element. 

We proceed on to define the notion of neutrosophic symmetric 
semigroup. 

DEFINITION 1.2.9: Let S(N) be the neutrosophic semigroup. If 
S(N) contains a subsemigroup isomorphic to S(n) i.e. the 
semigroup of all mappings of the set (1, 2, 3, n) to itself 
under the composition of mappings, for a suitable n then we call 
S (N) the neutrosophic symmetric semigroup. 

Remark: We cannot demand the subsemigroup to be 
neutrosophic, it is only a subsemigroup. 

DEFINITION 1.2.10: Let N(S) be a neutrosophic semigroup. 
N(S) is said to be a neutrosophic idempotent semigroup if every > 
element in N (S) is an idempotent. 

Example 1.2.9: Consider the neutrosophic semigroup under 
multiplication modulo 2, where N (S) = {0, 1,1, 1+1}. We see 
every element is an idempotent so N (S) is a neutrosophic 
idempotent semigroup. 

Next we proceed on to define the notion of weakly neutrosophic 
idempotent semigroup. 

DEFINITION 1.2.11: Let N(S) be a neutrosophic semigroup. If 
N(S) has a proper subset P where P is a neutrosophic 
subsemigroup in which every > element is an idempotent then we 
call P a neutrosophic idempotent subsemigroup. 

If N(S) has at least one neutrosophic idempotent 
subsemigroup then we call N(S) a weakly neutrosophic 
idempotent semigroup. 

We illustrate this by the following example: 

Example 1.2.10 : Let N(S) = {0, 2, 1, 1, 21, 1 + 1, 2 + 2 I, 1 + 21, 
2 + 1} be the neutrosophic semigroup under multiplication 
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modulo 3. Take P = {1, I, 1 + 21, 0}; P is a neutrosophic 
idempotent subsemigroup. So N(S) is only a weakly 
neutrosophic idempotent semigroup. Clearly N(S) is not a 
neutrosophic idempotent semigroup as (1 + I) 2 = 1 which is not 
an idempotent of N(S). 

DEFINITION 1.2.12: Let N(S) be a neutrosophic semigroup 
(monoid). An element x e N(S) is called an element of finite 
order if x" = e where e is the identity element in N(S) i.e. (se = 
es = s for all s £ S ) (m the smallest such integer). 

DEFINITION 1.2.13: Let N (S) be a neutrosophic semigroup 
(monoid) with zero. An element 0 ^x £ N(S) of a neutrosophic 
semigroup is said to be a zero divisor if there exist 0 ^ y £ N(S) 
with x . y = 0. An element x £ N(S) is said to be invertible if 
there exist y £ N(S) such that xy = yx = e (e £ N(S), is such that 
se = es = s for all s £ N(S)). 

Example 1.2.11: Let N (S) = {0, 1, 2, 1, 21, 1 + I, 2 + I, 1 + 21, 2 
+ 21} be a neutrosophic semigroup under multiplication modulo 
3. Clearly (1 + I) e N (S) is invertible for (1 + I) (1 + I) = 1 
(mod 3). (2 + 21) is invertible for (2 + 2I) 2 = 1 (mod 3). N(S) 
also has zero divisors for (2 + I) I = 21 + I = 0(mod 3). Also (2 + 
1)21 = 0 (mod 3) is a zero divisor. 

Thus this neutrosophic semigroup has idempotents, units and 
zero divisors. For more about neutrosophic semigroups please 
refer [142-3], 



1 .3 Neutrosophic Fields 

In this section we just recall the definition of neutrosophic fields 
for they are used in the construction of neutrosophic rings like 
neutrosophic group rings, neutrosophic semigroup rings. 

DEFINITION 1.3.1: Let K be the field of reals. We call the field 
generated by K u I to be the neutrosophic field for it involves 
the indeterminacy factor in it. We define I 2 = 1, I + I = 21 i.e., I 
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+...+ / = «/, and if k e K then k.I = kl, 01 = 0. We denote the 
neutrosophic field by K(I) which is generated by K u I that is 
K(I) = (K ul). (K ul) denotes the field generated by K and I. 

Example 1.3.1: Let R be the field of reals. The neutrosophic 
field of reals is generated by R and 1 denoted by (R u I) i.e. R(l) 
clearly R c (R u 1). 

Example 1.3.2: Let Q be the field of rationals. The neutrosophic 
field of rationals is generated by Q and 1 denoted by Q(I). 

DEFINITION 1.3.2: Let K(I) be a neutrosophic field we say K(I) 
is a prime neutrosophic field if K(I) has no proper subfield, 
which is a neutrosophic field. 

Example 1.3.3: Q(I) is a prime neutrosophic field where as R(l) 
is not a prime neutrosophic field for Q(I) cz R (I). 

Likewise we can define neutrosophic subfield. 

DEFINITION 1.3.3: Let K(I) be a neutrosophic field, P crK(I) is 
a neutrosophic subfield of P if P itself is a neutrosophic field. 
K(I) will also be called as the extension neutrosophic field of 
the neutrosophic field P. 

We can also define neutrosophic fields of prime characteristic p 
(p is a prime). 

DEFINITION 1.3.4: Let Z p = {0,1, 2, ..., p - 1} be the prime field 
of characteristic p. (Z p u I) is defined to be the neutrosophic 
field of characteristic p. Infact (Z p u I) is generated by Z p and I 
and (Z p ul) is a prime neutrosophic field of characteristic p. 

Example 1.3.4: Z 7 = {0, 1, 2, 3, ..., 6} be the prime field of 
characteristic 7. <Z 7 ul)= {0, 1, 2, ..., 6, 1, 21, ..., 61, 1 + I, 1 + 
21, . . ., 6 + 61 } is the prime field of characteristic 7. 
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Chapter Two 



Neutrosophic Rings and 
Their Properties 



In this book the authors for the first time define the new notion 
of neutrosophic rings. This chapter has two sections. In the first 
section we introduce the notion of neutrosophic rings and their 
substructures like ideals and subrings. Section two introduces 
several types of neutrosophic rings. 



2.1 Neutrosophic Rings and their Substructures 

In this section we define the new notion called neutrosophic 
rings. Just as complex rings or complex fields include in them 
the notion of imaginary element i with i 2 = -1 or the complex 
number i, in the neutrosophic rings we include the indeterminate 
element I where I 2 = I. In most of the real world problems or in 
situations we see in general we cannot always predict the 
occurrence or non occurrence of an event, the occurrence or the 
non occurrence may be an indeterminate so we introduce the 
neutrosophic rings which can very easily cater to such 
situations. In many a cases we felt the concept of indeterminacy 
was more concrete than the notion of ‘imaginary’ so we have 
ventured to define neutrosophic algebraic concepts. 

Throughout this section Z + will denote the set of positive 
integers, Z' the set of negative integers, Z the set of positive and 
negative integers with zero. Z + u {0} will show we have 
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adjoined 0 with Z . Like wise the rationals Q, the reals R, the 
complex number C can have one part of it denoted by Q + , 
Q~, R + , R and so on. 

Also Z n will denote the set of modulo integers i.e. {0, 1, 2, 

. . n - 1 } i.e. n = 0 (mod n). 

Now we proceed on to define the neutrosophic ring. 

DEFINITION 2.1.1: Let R be any ring. The neutrosophic ring (R 
u I) is also a ring generated by R and I under the operations of 

R. 

We first illustrate this by some examples. 

Example 2.1.1: Let Z be the ring of integers; (Z u I) = {a + bl / 
a, b £ Z}. (Z u I) is a ring called the neutrosophic ring of 
integers. Also Z c; (Z u I). 



Example 2.1.2: Let Q be the ring of rationals. (Q u I) = {r + si 
r, s e Q} is the ring called the neutrosophic ring of rationals. 

It is important to note that though Q is the field, (Q u I) 
neutrosophic ring of rationals is not a field it is only a ring for I 2 
= I and I has no inverse, yet we call it the neutrosophic field of 
rationals. 

Example 2.1.3: Let 91 be the ring of reals, (91 u I) is the 
neutrosophic ring called the neutrosophic ring of reals. Here 
also (91 u I) is only a ring and not a field yet we call it the 
neutrosophic field of reals. 

Example 2.1.4: Let C be the complex field, (C u I) is the 
neutrosophic ring of complex numbers. (C u I) is not a field. (C 
u I) is called the complex neutrosophic ring, but we call it the 
neutrosophic field of complex numbers. 
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Example 2.1.5: Let Z n = {0, 1, 2, n - 1} be the ring of 
integers modulo n. (Z n u I) is the neutrosophic ring of modulo 
integers n. 

Example 2.1.6: Let Z 2 = {0, 1} be the ring of integers modulo 
2. <Z 2 ul)= {0, 1,1, 1+1} is the neutrosophic ring. Clearly (Z 2 
u I) is not the field of prime characteristic two. It is only a 
neutrosophic field of characteristic 2. 

This notion will be dealt in this book in due course of time. 

DEFINITION 2.1.2: Let (R u I) be a neutrosophic ring. We say 
(R ul) is a neutrosophic ring of characteristic zero if nx = 0 (n 
an integer) for all x € (R ul) is possible only if n = 0, then we 
call the neutrosophic ring to be a neutrosophic ring of 
characteristic zero. 

If in the neutrosophic ring (R ul), nx = 0 (n an integer) for 
all x e (R u I) then we say the neutrosophic ring (R ul) is of 
characteristic n and n is called the characteristic of the 
neutrosophic ring (R ul). 

It is pertinent to mention n can be a prime or a composite 
number. We will first illustrate these by the following examples: 

Example 2.1.7: Let (Q u I) be the neutrosophic ring of 
rationals. (Q u I) is the neutrosophic ring of characteristic zero. 

Example 2.1.8: Consider (C- u I) the neutrosophic ring of 
complex numbers. (C u I) is the neutrosophic ring of 
characteristic zero. 

Note: We can use the term neutrosophic ring for the 
neutrosophic field also as every field is a ring. 

Example 2.1.9: Consider the neutrosophic ring (Z 4 u I) = {0, 1, 
2, 3, 1, 21, 31, 1 + I, 2 + I, 3 + I, 21 + 1, 21 + 2, 21 + 3, 31 + 1, 31 
+ 2, 31 + 3}. <Z 4 u I) is a neutrosophic ring of characteristic 4. 
(21 + 2) (21 + 2) = 4I 2 + 4 + 81 = 4 ([I + 1 + 21]) = 0 (mod 4). 
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We call all neutrosophic rings, which are of finite characteristic 
as finite characteristic neutrosophic rings. 

Example 2.1.10: Let <Z 5 u I) = {0, 1, 2, 3, 4, 1, 21, 31, 41, 1 + I, 
2 + 1, 3 + I, 4 + I, 2 + 21, 3 + 21, 4 + 21, 3 + 31, 3 + 41, 4 + 21, 4 
+ 41, 31 + 2, 31 + 1, 21 + 1, 41 + 2, 41 + 1}, <Z 5 u 1) is a 
neutrosophic ring of characteristic five; or we say (Z 5 u I) is a 
neutrosophic ring of prime characteristic. All elements in (Z 5 u 
1) are such that 5 x = 0 (mod 5) for all x e (Z 5 u I). 

Having defined the characteristic of a neutrosophic ring we 
proceed on to prove every neutrosophic ring is a ring and every 
neutrosophic ring contains a proper subset, which is just a ring. 

THEOREM 2.1.1: Let (R ul)be a neutrosophic ring. (R u I) is 
a ring. 

Proof: Let (R u 1) be a neutrosophic ring. R is a ring in which 
*+’ and are the binary operations. To show (R u I) is a ring 
we have to prove (R u 1) is an abelian group under *+’ and a 
semigroup under (R u I) = {a + bl / a, b e R}. Let a + bl, c 
+ dl g (R u 1). To show closure it is enough if we show (a + bl) 
+ (c + dl) is in (R u 1). 

Consider (a + bl) + (c + dl) = (a + c) + (b + d) 1; as a + c 
and b + d e R we see (a + bl) + (c + dl) is in (R u I). Thus 
closure axiom under the operation + is satisfied. It is easily 
verified (a + bl) + (c + dl) = (c + dl) + (a + bl) as a + c = c + a 
and b + d = d + binR. Thus the binary operation *+’ is 
commutative on (Rul). 

Since R is ring ‘0’ is its additive identity. Take (a + bl + 0) 
= a + 0 + (b + 0) 1 = a + bl. So ‘0’ is the additive identity of (R 
u I). For every a + bl e (R u I) we have a unique - a + (- b)I in 
(R u 1) which is such that (a + bl) + (-a + (-b) 1) = 0. This 
follows from the fact for every a ^ 0 in R we have a unique -a 
in R with a + (-a) = 0. Thus (R u I) under '+’ is an abelian 
group. 
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To show (R u I) is ring it is sufficient if we show (R u I) is 
closed with respect to *•’ for other properties follow easily. 
Take a + bl, c + dl e (R u I) consider (a + bl) • (c + dl) = ac + 
bcl + adl + bdl 2 = ac + (be + ad + bd) I = x + yl e (R u I) 
where x = ac and y = be + ad + bd as x and y are in R. Hence 
the claim. Thus (R u I) is a ring under ‘+’ and 

Note: We have proved this mainly to show in general a 
neutrosophic ring is a ring; but a neutrosophic group may not 
have a group structure. This is a vast difference between these 
two algebraic structures. 

DEFINITION 2.1.3: Let (R u I) be a neutrosophic ring. We say 
(R ul ) is a commutative neutrosophic ring if for all x, y £ (R u 
I) we must have x y = y x. If even for a single pair xy ^ y x we 
call the neutrosophic ring to be a non commutative 
neutrosophic ring. 

We illustrate them by the following example: 

Example 2.1.11: Let (Q u 1) be a neutrosophic ring. (Q u I) is a 
commutative ring of characteristic zero. 



Example 2.1.12: Let (R u 1) = 




b 

d 



/ a, b, c, d e (Q u I) 



be the set of all 2 x 2 matrices. (R u 1) is a non commutative 
ring of characteristic zero under matrix addition and matrix 
multiplication. We say (R u 1) is a neutrosophic ring with unit, 
if 1 e (R u I) is such that 1 x = x. 1 = x for all e (R u I). All 
the neutrosophic rings given as examples are neutrosophic rings 
with unit. 

Now we go for examples of non-commutative neutrosophic 
rings of finite order. 



Example 2.1.13: Let (R u I) = 



a b 
v c d y 



a, b, c, d, e {0, 1, 2, 



1, 21, 1 + I, 2 + 1, 1 + 21, 2 + 21}. (R u I) is a neutrosophic ring 
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under usual matrix addition and multiplication and (R u I) is a 
non commutative neutrosophic ring of finite order. 

We will define subrings and ideals of a neutrosophic ring. 

DEFINITION 2.1.4: Let (R ul)be a neutrosophic ring. A proper 
subset P of (R u I) is said to be a neutrosophic subring if P 
itself is a neutrosophic ring under the operations of (R ul). It is 
essential that P = (S u nl), n a positive integer where S is a 
subring of R. i.e. {P is generated by the subring S together with 
n I. (n £ Z + )J. 

Note: Even if P is a ring and cannot be represented as (S u nl) 
where S is a subring of R then we do not call P a neutrosophic 
subring of (R u 1). 

Example 2.1.14: Let (Z [2 u I) be a finite neutrosophic ring of 
characteristic 12. P = {0, 6, I, 61, 21, 31, 41, 51, 71, 81, ..., Ill, 6 
+ 1, 6 + 21, . . ., 6 + 111} is a neutrosophic subring of (Z i2 u 1) as 
S = {0, 6} is a subring of Z 12 . 

So P = (S u 1) is a neutrosophic subring of (Z [2 u I). Take 
Pi = {0, 2, 4, 6, 8, 10, 21, 41, 61, 81, 101, 2 + 21, 2 + 41, ..., 2 + 
101, 10 + 21, ..., 10 + 101} is a neutrosophic subring of (Zi 2 u 
1). Take P 2 = {0, 6 + 61} this is a subring under the operations of 
(Zi 2 u 1) but is not a neutrosophic subring. 

How to characterize such neutrosophic rings which are not 
generated by a ring? To this we define a notion called pseudo 
neutrosophic rings. 

DEFINITION 2.1.5: Let T be a non empty set with two binary 
operations ‘+ ’ and ‘ x’. T is said to be a pseudo neutrosophic 
ring if the following conditions are true: 

1. T contains elements of the form x + yl (x, y are reals y ^ 
0 for atleast one value). 

2. (T, +) is an abelian group. 

3. (T, x) is a semigroup. 
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4. t (ti + 1 2 ) = tti + tt 2 and (ti + t 2 ) t = tt 1 + t 2 t for all t, tj, 
t 2 € T. 

We do not see any visible relations between a neutrosophic ring 
and a pseudo neutrosophic ring. 

Example 2.1.15: T = {0, 21, 41, 61, 81, 101} is a pseudo 
neutrosophic ring under addition modulo 12 and usual 
multiplication modulo 12. Clearly T is not a neutrosophic ring. 

Example 2.1.16: Take T = {2ZI u 0} = {0, +21, ±41, ±6 I, ±81, 
..., 00}, T is a pseudo neutrosophic ring which is not a 
neutrosophic ring. 

One can construct several such examples. 

Next we proceed on to define the notion of ideals in a 
neutrosophic rings. 

DEFINITION 2.1.6: Let (R ul)be any neutrosophic ring, a non 
empty subset P of (R u I) is defined to be a neutrosophic ideal 
of (R ul) if the following conditions are satisfied; 

1. P is a neutrosophic subring of (R ul). 

2. For even’ p g P and r g (R ul) rp and pr g P. 

Note: The notion of neutrosophic right ideal and neutrosophic 
left ideal can also be defined provided (R u I) is a non 
commutative neutrosophic ring. 

Example 2.1.17: Let (Z [2 u I) be a neutrosophic ring under *+’ 
and x modulo 12. Let {0, 6, 21, 41, 61, 81, 101, 6 + 21, ..., 6 + 
101} be the neutrosophic subring of (Zi 2 u I). It is easily 
verified (Zi 2 u I) is a neutrosophic ideal of (Z i2 u I). 

Now we can define the notion of neutrosophic pseudo ideal of 
the neutrosophic ring (R u 1). 
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